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The purpose of this note is to prove the following theorem. 
THEOREM 1. Let G be a compact connected simple Lie group. Let G' 
be another locally compact group whose topology has a countable basis. 
Suppose that G and G' are isomorphic as abstract groups. Then G and G' 
are isomorphic as topological groups. 
Proof. First note that G' and G are complete separable metric spaces 
since they both are locally compact and have a countable basis for their 
topologies. Next, let ~b: G' --~ G be a group isomorphism which identifies 
G' with G as abstract groups. We claim that ~b is a Borel mapping. To see 
this, recall the following result of van der Waerden [2]. Let n be the 
dimension of G and fix a noneentral element a in G. Then the set of 
products of the form [1-I1<~<~ cib~abv~la-lc-i 1 [ bi, ci arbitrary in G] = N(a) 
is a neighborhood of e in G, and the N(a) form a neighborhood basis 
at e. Since G' is locally compact and has a countable basis for its topology, 
G' is the union of countably many compact sets, say, K i ( j  ~ 1). Then 
~b-l(N(a)) is a countable union of compact sets of the form 
[ H cibi¢-l(a) b}'l¢-l(a-1) ¢~-11 bi in Km(i) , c i in K,~(~)] 
l~ i~n 
for some choice of positive integers m(i), n(i) (1 ~< i ~< n). Hence, 
~b-l(N(a)) is a Borel set for each a in G. Hence, ~b-X(N(a) • b) = 
~b-l(N(a)) • ¢-1(b) is also a Borel set in G' for each a and b in G. But any 
open set in G is a countable union of sets of the form N(a) • b. Hence, 
~b -1 (any open set in G) ~ a Borel set in G'. Hence, ~b is a Borel mapping. 
Hence, by Kuratowski [1, p. 400], there exists a set P of first category 
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in G' such that ~b[ G' --  P is continuous. We claim that ~b is actually 
continuous on all of G'. To show this, let a s (n >/ 1) and a be elements 
of G' such that a s --+ a (as n t' or). Now i fQ is the set which is the union 
of a -1 • P and a~ 1 . P (n ~> 1), Q is again a set of the first category. Hence, 
G ' - -Q  is nonempty. Let b be an element of G' - -Q .  Then ab is in 
G' --  P and a~b is in G' --  P (n /> 1). But a,~b ~ ab. Hence, ~b(anb ) --+ 
¢(ab), and so ~b(an) = ~b(anb) " ¢(b -x) --~ ¢(ab) . ~b(b -1) = ~b(a). Hence, 
~b is a continuous one-to-one mapping of G' onto G. Hence, since both G' 
and G are locally compact and have a countable basis for their topologies, 
¢ is actually a topological isomorphism by a well-known theorem of 
Arens. Q.E.D. 
Notice that Theorem 1 is false in general for arbitrary Lie groups--for 
example, the real line and the p-adics are isomorphic as additive groups. 
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